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ABSTRACT
A theoretical study has been made of the factors which control the
rate of heat flow from solidifying sand and chill castings. The in-
vestigation has been focussed on three shapes of high symmetry: spheri-
cal, cylindrical, and slab-shaped castings.
An evaluation of Chvorinov's Rule for sand castings (freezing time
proportional to the ratio, squared, of volume to surface area) indi-
cates that this simplified relationship is valid only for comparing
castings having similar shapes. More precise expressions are presented
for the three basic shapes. For purposes of calculation, it is shown
that: (1) Superheat may be accurately added, calorifically, to the
latent heat of fusion. (2) Alloys which freeze over wide ranges of
temperature, and which evolve their latent heat uniformly over this
range, have an "effective" melting point one-fifth of the way from the
solidus to the liquidus.
For certain idealized boundary conditions, the more complicated
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problems of chill castings are amenable to analysis by an iterative pro-
cedure, which yields freezing rates in terms of power series. The
known, exact solution for one-dimensional solidification may be devel-
oped in this fashion, and two- and three-dimensional systems, for which
exact solutions are not known, may also be handled. The iterative pro-
cedure is further used to study the effect of thermal contact resistance
at the mold-metal interface.
In studying practical chill casting problems, the following re-
sults are significant: (1) Contact resistance is of controlling im-
portance in small chill castings. (2) Contact resistance ("air-gap"
formation) has only a minor effect on freezing rates of large steel in-
gots. (3) A useful, accurate simplification is permissible for small
castings of aluminum-, copper-, and magnesium-base castings, poured in
ferrous molds. (4) Under idealized conditions, precise study of alloy
solidification from a chill mold is feasible. Such a study indicates
that thermal conditions depend largely upon total heat of fusion and
thermal conductivity, and only slightly upon the mechanism of solidifi-
cation.
Thesis Supervisor: Howard F. Taylor
Title: Professor of Metallurgy
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I. INTRODUCTION
The primary objective of the work has been to collect, clarify, or
establish the quantitative relationships which govern the heat flow
problems associated with the freezing of metals. Preliminary experi-
mental work and perusal of the literature indicated a greater need for
(and profit from) analytical effort than measurement. Some of the basic
characteristics of the problems have not been appreciated well enough to
permit full interpretation of the vast amount of experimental data ob-
tained in this field.
Mathematical treatments of the problem have, in general, been
limited to idealized one-dimensional, semi-infinite systems involving
pure metals, which are difficult to assess in terms of experimental re-
sults. In particular, the effects of such realistic factors as thermal
contact resistance at the mold-metal interface, and the presence of
alloying elements, have been the subject of much speculation, experi-
mentation, and dispute. The observation that some data agree well with
mathematical solutions (e.g. solidification of steel ingots), whereas
others do not (non-ferrous ingots), leads most investigators to regard
any mathematical approach with suspicion.
Sections III, IV, and V of the thesis treat of pure metals, or
alloys which freeze over a narrow temperature range, while Section VI
considers the application of "pure metal" equations to the solidifica-
tion of alloys having wide freezing ranges. Part of the study merely
involves the application of known heat transfer relationships to a
specialized class
on sand castings.
regions for which
of problems. This is particularly true of the section
The remainder of the investigation is concerned with
general mathematical solutions are not known.
II. REVIEW OF THE LITERATURE
The earliest studies of solidification heat flow problems dealt,
analytically, with the rate of polar ice formation. Franz Neumann
appears to have been the first to show that the error function solution
of the differential equation for linear heat conduction would conform
to solidification boundary conditions. Neumann's solution predicts
temperature distributions and thickness of ice formed as a function of
time, when the surface of a large body of water is lowered to a tempera-
ture below the freezing point. The solution predicts that the thickness
of ice should be proportional to the square root of time, for unidirec-
tional freezing. Using this relationship in conjunction with observed
data on ice formation, Neumann obtained a value for the conductivity of
ice within ten per cent of the currently accepted value. Most subse-
quent solutions of this and related heat flow problems have duplicated,
in principle, the technique devised by Neumann; the solution is des-
cribed in Carslaw and Jaeger.1
The solidification rate of steel in an ingot mold was first studied
by Feild.2 The reasoning is difficult to follow, but Feild also arrived
at a parabolic relationship (Feild's formula) between thickness solidi-
fied and time. Lightfoot3 has obtained solutions for the same problem
by considering the solidification front as a moving source of heat, an
analytical technique somewhat more general than that of Neumann.
Lightfoot's solution was the first to rigorously combine the properties
of the metal and the mold. C. Schwarz4 has presented a solution identical
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with that of Lightfoot, based upon the method of Neumann. The findings
of Schwarz and Lightfoot do not agree with those of Feild. All of the
above solutions apply for semi-infinite conditions, perfect thermal con-
tact between metal and mold, and unidirectional solidification. All
predict a parabolic relationship between thickness of solid metal and
time.
Although much simpler, analytically, the heat flow problems in sand
casting have only been considered separately by Chvorinov.5 Chvorinov
simplifies the problem by neglecting any temperature gradients in the
casting, and assuming that the heated zone in the sand is relatively
shallow (contour effects are neglected). The solution applicable under
these conditions is that for heating a semi-infinite solid (the mold)
from a constant temperature surface (the casting). On this basis,
Chvorinov concludes that the time for complete freezing should be pro-
portional to:
Castinq Volume
Casting Surface Are a)
Chvorinov partially verifies his conclusions with temperature measure-
ments in steel castings and sand molds.
In addition to the mathematical studies, three classes of experi-
mental data have been collected, all within the last 25 years. The
simplest, most direct, and in some cases the most accurate device has
been the widely used pour-out test. For those studies to which pour-out
techniques are not applicable, thermal analysis has proved valuable.
More recently the use of an electrical analogue has met with moderate
6
success. An excellent review of the existing data on sand castings has
been made by Ruddle.7
Pour-out tests have been employed to study solidification of steel
ingots by Matushka,8 Nelson,9 Chipman and FonDersmith,10 and Spretnak.11
In general, the findings of these investigators are in agreement for the
early stages of solidification. It is found that the relationship,
x' = a- IO- b
describes thickness, "x'", as a function of time, "0". When the units
are inches and minutes,
0.9 <a /1.1
and
0 4 b < 0.5
Cast iron ingot molds were used in all cases. The constant, "b", is
considered to result from a delayed start of solidification due to the
presence of superheat. The constant, "a", agrees well with the theo-
retical values obtained by C. Schwarz4 and Lightfoot.3
Alexander12 has used the pour-out technique to study the solidifi-
cation of aluminum ingots in cast iron molds. The results of this in-
vestigation indicated much larger values for both "a" and "b", and are
discussed further in Section V. Heat transfer in the solidification of
non-ferrous chill castings has received very little attention.
In the field of sand casting, Briggs and Gezelius,13 Troy,14
Clark,15 and many others have investigated steel castings by means of
pour-out tests, and Hunsicker16 has done the same with aluminum. Data
obtained in this fashion are not as satisfactory for sand castings as
for chill castings. Gradients tend to be much less pronounced in sand
castings; thus a very small freezing range can result in an appre-
ciable "mushy" zone. Only poor thermal conductors with high melting
points (e.g. steel), or very pure metals, give reliable information
from pour-out tests on sand castings. Even with steel, only the early
stages of solidification have been successfully investigated, yielding
results which agree moderately well with Chvorinov's theoretical re-
lationship. Hunsicker, 16 using 99.8 per cent aluminum, obtained poor
agreement between pour-out tests and thermal analysis. With more than
one-half per cent nickel, silicon, or copper in aluminum, pour-out tests
failed completely.
The only satisfactory experimental means for studying alloys which
freeze over wide temperature ranges is provided by thermal analysis.
Although several investigators have made limited thermal studies of sand
and chill castings5,8,13,16,17 the most extensive contributions have
been made by Pellini, et. al. 18 at the Naval Research Laboratory. Of
particular value was the NRL work on steel ingots, because, for the first
time, reliable information on the final stages of solidification was ob-
tained. An increase in linear freezing rates was observed near the end
of solidification. The parabolic rate constant, "a", for the early stages
of freezing was about 1.0 inch/Vminutes. Pellini has also presented
data on chill and sand cast grey iron, aluminum, and bronze. All of the
work was carried out on 7 by 7 by 20 inch rectangular solid castings.
Although the data are very detailed and extensive, they have not been
interpreted in other than qualitative terms. Careful study of this
data indicates that for high purity metals, chill cast, thermal analy-
sis is not as precise a measurement as the pour-out technique. Thermal
analysis is preferable for impure, sand cast metals having high thermal
conductivity.
The Heat and Mass Flow Analyzer at Columbia University has been
initiated on a long-range program to study casting solidification under
the direction of Paschkis.6 The analyzer is an analogue device, sub-
stituting electrical for thermal resistance, capacitance, and potential.
The problems of leakage and manually introducing heat of fusion into the
circuit, have interfered seriously with the success of this approach.
In' conclusion, it may be observed that the field of solidification
heat transfer is currently rich in experimental data, but lacks quanti-
tative interpretation.
III. ANALYSIS OF HEAT FLOW FROM SAND CASTINGS
(Pure metals and alloys which freeze completely
within a narrow temperature range.)
In this section, solutions are considered which are all based upon
one simplification: it is assumed that the thermal conductivity of a
cast metal is much greater than that of a sand mold. In a particular
problem, the validity of this assumption may be tested by using rela-
tionships obtained in later sections. In this way it can be shown that
solutions given below are quite valid for copper- and aluminum-base
castings, but that small errors may be introduced in the case of cast
steel.
The above assumption greatly reduces the complexity of the heat
conduction problems for sand castings in two ways: (1) The temperature
gradients in the casting are very small, and thus the surface tempera-
ture of the casting is constant and nearly equal to the melting point
of the metal. (2) Since, during freezing, the solid part of the casting
does not cool appreciably below the melting point, only heat of fusion
is removed from the casting. In addition, since the rate of heat flow
is very low, there is no temperature drop across the mold-metal inter-
face; i.e. the surface temperature of the mold equals the surface
temperature of the casting. None of the above statements would be true,
in general, for metals cast into metal molds.
From the present point of view, the essential heat flow problem may
/
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be stated as follows: The mold is initially at room temperature, "Tr".
At zero time the surface of the mold cavity is instantly raised to a
high temperature, "Ts", and held constant throughout solidification.
Three cases are considered: plane-walled, spherical, and cylindrical
mold cavities. Definitions of all symbols used in the analysis are in-
cluded in Table I.
Consider first the flow of heat from a plane-walled mold cavity
(an infinite slab). This is a repetition of the solution used by
Chvorinov for mold cavities of all shapes.5
Equation (1): The partial differential equation for linear heat flow.
This equation must be satisfied by the temperature in the mold,
along with the initial and boundary conditions described above.
Equation (2): The solution valid for these conditions.la Temperature
is given as a function of the distance from the mold-metal inter-
face, "x", time, "0", and the thermal diffusivity of the mold,
Equation (3): The Fourier conduction equation. Heat flux equals con-
ductivity, "k", times the temperature gradient.
Equation (4): Substitute (3) into (2).
Equation (5): Integrate (4). This is the solution desired, giving the
total heat per unit area which has entered the mold in time, "9".
Equation (6): The heat which enters the mold equals the heat of fusion
11.
evolved by the casting, if there is no superheat. (The effect of
superheat on sand castings is considered below.)
Equation (8): Substitute (6) and (7) into (5).
Equation (8) reveals the manner in which the thermal properties of
the metal and of the mold influence solidification time of a casting.
The product of conductivity, density and specific heat is a measure of
the "chilling" capacity of the mold material, while the ratio of the
melting point to the volumetric heat of fusion is the factor for com-
parison of the different metals.
12.
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Consider next the flow of heat from a spherical mold cavity. The
solution of this problem parallels closely the preceding solution for
the slab.
Equation (9): The partial differential equation for heat flow in
spherically symmetrical coordinates.
Equation (10): The solution of (9) for the present boundary condi-
tions.lb
Equation (11): The Fourier equation at the mold-metal interface rela-
ting surface flux to the temperature gradient.
Equation (12): Substitute (10) into (11).
Equation (13): Integrate (12).
Equation (15): Assuming no superheat, the heat of fusion evolved during
complete solidification equals the heat absorbed by the mold.
Attention is focussed here upon the time required for compl2te
solidification, "OfG".
Equation (16): Solve (15) (quadratic) for .
/dT
* n a /t
[U/ a
|J aq
1> dA
4 K(Tn-)
0
e0
/ R) + HY(qR)
CYL NDE R I"
A = R 7 R L
As= 2 7rR.LZ
otcA>
A3 6I' I (2.0)
SPHERE :
N/t=Rs
= 4IP Rs
Z
HiS
14. -
I~7-
~d9
7 - T
rs - r-
dT 
2
if
(17)
-I( a (q /R)
(n) q(8
4i , /)
"/4
Cl,
A 5
AS
(Z 1)
(2z)
XOun) - YO(afn) ).e- bU'
Atpg
15.
The solution for heat flow from a cylindrical mold cavity is more
cumbersome than either of the preceding problems. Although the pro-
cedure is the same, in principle, an approximation is used to simplify
the resulting expressions.
Equation (17): The partial differential equation for heat flow in
cylindrical coordinates.
Equation (18): The solution valid for these conditions.1C
Equation (19): The resulting expression for the heat flux at the mold-
metal interface.lc
Numerical values for the integral in (19) have been tabulated by
Jaeger and Clarke, 19 and the right-hand side of (19) may thus be inte-
grated planimetrically. However, a convenient approximation is possible
at this point, which provides a solution of much greater practical
value, and which may be more easily compared with corresponding express-
ions for the slab and the sphere. The validity of the approximation may
be checked by comparison with the exact solution. The quantity which is
of interest is the rate at which heat enters the mold surface, and this
rate is determined by (1) the thermal properties of the mold material,
and (2) the rate with which the cross-sectional area of the heat flow
path changes with depth of penetration into the mold. For example,
comparison of Equations (4) and (12) reveals that one square inch of
concave, spherical mold surface can absorb heat more rapidly than a
square inch of plane mold surface, because the cross-section of the heat
flow path increases with depth of penetration. In this respect, a concave
16.
cylindrical mold surface is intermediate between plane and concave
spherical mold surfaces. The objective is to find an approximate ex-
pression for the cylinder which is similar in form to the simple sphere
equation. This is done by finding the size relationship between a
spherical and a cylindrical mold cavity which have equivalent heat ab-
sorbing abilities per unit area. Consider that the "heated zone" in the
mold is fairly shallow, and that the following development is accurate
for regions near the mold surfaces:
Equation (20): The fractional rate of change of the cross-sectional
area of the heat flow path with radius, at the mold-metal inter-
face -- for a cylinder.
Equation (21): Repeat for a sphere.
Equation (22): Equate (20) and (21). The condition of "equivalent
divergence" of the heat flow paths is that the radius of the sphere
is twice that of the cylinder.
17.
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Equation (24): Combine (12) and (22) to get approximate expression for
cylindrical heat flow, accurate within one per cent for the solu-
tion of casting problems. Since (22) is strictly valid only at
the mold surface, (24) is increasingly accurate for very early
times.
Equation (25): Rewrite (24) replacing the constant with "n".
Equation (26): Rewrite (19), the exact expression for the heat flux,
replacing the integral with "I".
Equation (27): Subtract (25) from (26) to obtain the arithmetical error
inherent in (25).
Using the values given by Jaeger and Clarke,19 the deviation,
" ", is plotted as a function of time in Figure 1, for different assumed
values of "n". Since areas are proportional to heat on this diagram, for
a given length of time the best average value for "n" is obtained by
selecting the curve which balances the areas above (positive) and below
(negative) the axis. In this manner, for precise work, Equation (19) may
be accurately integrated. Such a refinement is not necessary for casting
heat flow work; the value 0.5 is quite adequate, although, for complete
solidification of most sand castings, 0.47 is more exact. Figure 1 con-
stitutes a verification of Equation (24).
Using a development exactly paralleling that for the sphere, start-
ing with Equation (25), the following results are obtained:
19.
Equation (28): Heat which enters the mold as a function of time.
Equation (31): Time for complete solidification of a cylinder cast with
no superheat.
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The results of the analysis on sand castings may be conveniently
summarized and compared by expressing casting dimensions in terms of
volume and surface area. In this way, Equations (8), (31), and (16)
become (32), (33), and (34) for the slab, cylinder, and sphere, re-
spectively. It may be seen that for each shape, the time required for
complete solidification is proportional to the square of the linear
dimensions. Although the equations were derived on the basis of no
superheat, a moderate amount of superheat may be accurately taken into
account by adding it, calorifically, to the latent heat (justification
for this procedure is given in Section VI).
The right-hand side of Equation (32) is the constant used by
Chvorinov to describe the freezing of castings having any shape. The
effect of shape is shown by the factor enclosed in brackets at the end
of each equation; this factor is largest for the sphere, and smallest
for the slab. For most metals, the expression is between 10 and 15 per
cent higher for the sphere than for the slab. Since this term must be
squared to calculate freezing times, substantial deviations from
Chvorinov's relationship may be expected. However, the expressions for
the sphere and for the cylinder agree within 4 per cent, so that
Chvorinov's rule should apply accurately in comparing the freezing times
of "chunky" or prismoidal castings, i.e. castings having not more than
one relatively long dimension.
22.
TABLE I.
Definition of Terms
Units: B.T.U. - Hr. - Ft. - OF Lb.
of = Thermal diffusivity of mold, (Ft.) 2
k = Thermal conductivity of mold, B.T.U./Ft.Hr.OF.
= Density of mold, Lb./(Ft.)3
= Density of metal.
Cp = Specific heat of mold, B.T.U./Lb.OF.
q = Heat flow rate, B.T.U./Hr.
Q = Total heat which enters mold (leaves casting) in time, "G", B.T.U.
Qf = Total heat which must be removed to freeze casting.
H = Heat of fusion, B.T.U./Lb.
T = Temperature, OF.
Ts = Surface temperature of mold or of casting or of mold-metal inter-
face.
Tr = Room temperature.
Tm = Melting temperature.
x = Distance from mold-metal interface, Ft.
x' = Thickness of solid metal layer which freezes in time, "0" (one-
dimensional freezing).
r = Radial distance from center of spherical or cylindrical mold cavity.
1 = Half-thickness of slab mold cavity.
R = Radius of spherical or cylindrical mold cavity or casting.
Rc = Radius of cylindrical mold cavity.
23.
Rs = Radius of spherical mold cavity.
L = Length of cylindrical mold cavity.
2
As = Area of mold-metal interface, (Ft.)
A = Cross-sectional area of heat flow path; area of isothermal
surface of radius, "r".
3
Vs = Volume of mold cavity, (Ft.) .
erf u =e Z(X
erfc u = 1 - erf u
Jo, Yo = Bessel functions of the first and second kind, respectively,
of order zero.
n = Dimensionless constant in cylindrical heat flow approxima-
tions = 0.5.
I = Integral in Equation (20).
Difference between exact and approximate cylindrical heat flow
rates, Equation (27).
24.
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IV* ANALYSIS OF HEAT FLOW FROM CHILLED CASTINGS:
CONSTANT CASTING SURFACE TEMPERATURE
(Pure metals and alloys which freeze completely
within a narrow temperature range.)
Chilled castings present a class of heat flow problems fundamen-
tally much more complex than those considered in the previous section.
The first step in analyzing the over-all picture is to isolate the
metal from the mold, and consider heat flow in the metal separately,
using the simplest possible boundary condition: constant casting sur-
face temperature. The question of heat flow in the chill mold is con-
sidered in Section V. The essential features of chilled castings,
which differ from those of sand castings, are: (1) The surface tempera-
ture is appreciably lower than the melting point of the metal, and
moderate to steep temperature gradients exist in the solid metal.
(2) Heat removed in cooling the solid metal is a significant fraction of
the total heat removed from the casting during solidification. (3) The
conductivity of the cast metal is a controlling factor influencing the
rate of solidification.
In the following analysis certain initial and boundary conditions
are adhered to throughout. A mass of liquid metal, initially at the
melting temperature, has its surface suddenly cooled to "Ts" at zero
time. The effect of superheat is not considered in this section. Al-
though it would be quite possible to consider superheat, at least in
the one-dimensional case, the results so obtained are unrealistic, because
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they depend upon semi-infinite conditions. It has been demonstrated ex-
perimentally, and would be expected theoretically, that nearly all of
the superheat leaves a finite chill casting very early in the solidifi-
cation process;18 thus most of the freezing takes place with the liquid
phase at or near its melting point.
All symbols used in the analysis, which did not appear in the pre-
vious section, are defined in Table II.
A. Solidification From a Plane Chilled Surface.
The solution presented here is based on the method of Neumann,1
except that Neumann considered a body of liquid initially above its
melting point. The solution, in the absence of superheat, is somewhat
more simple, since there are no temperature gradients in the liquid.
Equation (1): The partial differential equation for linear heat flow
which must be satisfied in the layer of solid metal.
Equation (2): A particular solution of (1). T' is an arbitrary con-
stant.
Equation (3,4): At the liquid-solid interface, the temperature must be
equal to the melting point, and the temperature gradient is pro-
portional to the rate of solidification.
Equation (5): When condition (3) is imposed on (2), the left-hand side
of (2) is seen to be constant, and so the right-hand side is also
constant. Equation (5) defines
28.
Equation (6): Combine (2) and (3).
Equation (7): Substitute (6) into (2), and (2) into (4).
Equation (8): Expand (7) in terms of a power series.
Equation (9): Differentiate (5).
Equation (10): Substitute (9) into (8).
The above procedure consists of assuming the form of the solution,
inserting the boundary conditions, and determining whether the boundary
conditions and the assumed form are compatible. Since (7) may be solved
for a real value of "P ", and all the required conditions are met,
(7), (6), and (2) constitute the solution. This technique is used be-
cause condition (4) is not linear and homogeneous, and ordinary means
for building up solutions of heat flow problems do not apply. The
method is not systematic, and cannot be extended to the solidification
of other shapes. The reason for putting (7) into the form of (10) is
that the power series in (10) may also be built, term by term, by using
an iterative procedure demonstrated in the following paragraphs. This
procedure is systematic and may be applied to other shapes.
It should be noted that the first term in (10) corresponds to the
solution which would apply if the specific heat of cooling the solid
metal were small enough to be neglected. The subsequent terms may then
be thought of as "specific heat" terms.
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Equation (11): The rate of heat flow at a location, "x", in the solid
metal is equal to the rate at which latent heat is being liberated,
plus the rate at which specific heat of cooling is being liberated
between "x" and "x*".
Equation (12): The Fourier conduction equation.
Equation (13): Substitute (11) into (12).
Equations (14,15): Integration of the gradient in (13) to obtain the
temperature drop between "x" and the chilled surface.
Equation (15A): Rewrite (15) to obtain the total temperature drop be-
tween the chilled surface and the liquid-solid interface.
Equation (15) may be verified by showing that it satisfies all of
the boundary conditions as well as (1). The first term in (15) is the
latent heat term and the integral is the specific heat term. The pro-
cedure to be followed in the ensuing paragraphs is one of successive
approximations. For the first approximation, the integral is neglected,
a value obtained for " , and this value is introduced into the in-
tegral to obtain the second approximation. Although the expressions be-
come increasingly cumbersome, the operation may be repeated as many
times as desired.
31.
d T
0x
FA0m ' (6),
C,'(T.-7 )
H
0(X
d eL
H
-
C '<
X/
xIAx
r/ 6)
(/7)
x 3
6
H
co <
'IX)
I
de
(29)
(20)
IA- , (2.
H
Tr1= c; ae
dx' ) N)
x i dx'
"'9
(22)
*x d') (?A-3)
I H I;Wx 
-)L y
C; I RW ( ,2
O = 'I
32.
11 ={7 7
~;477
dO
77 -
($ A($
K
ex
'rax I
d ea
fox
X' dx'
Co/vs 7'AN r
a 3
(2Z8)
ae
&-d6 ' L +--
6x)
(21)
(25)
(z6+ 3 I'X 1/c(z 'K
do I
FqOM (23);
(27)
Ii'6~'%)
- I I
/S
H
(29)
+-i (" A-'' (30)
H5
x
1d)(I
0,
33.
Equation (16): The first approximation for the temperature distribu-
tion.
Equation (17): Differentiate (16) with respect to time.
Equation (18): Operate as indicated in (15) upon the factor in (17)
containing "x".
Equation (19): Write (16) at x = x'.
Equation (20,21): Differentiate (19) with respect to time to obtain
the first approximation for the second derivative of "x'" with
respect to time.
Equation (22); Substitute (17), (18), and (21) into (15).
Equation (23): Rewrite (22) at x = x*, and so obtain the first two
terms of (10).
For the bulk of the numerical work in following sections, only the
first two terms of a given power series development are used. For this
simple case, in which the exact solution is known, the first and second
approximations and the exact solution are reproduced in Figure 2, cover-
ing the practical range of solidification problems.
For documentary purposes, Equations (24) through (30) represent a
repetition of the iterative procedure to obtain the third term in
Equation (10). To avoid unnecessary repetition, only the second term
in Equation (22) is carried through the operation. Equation (23)is used
to evaluate the second derivative of "x'" with respect to time. It may
be seen that Equations (10) and (30) are identical.
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B. Solidification From a Spherical Chilled Surface.
The technique illustrated in the preceding analysis may also be
applied to other symmetrical shapes. Although this device is unneces-
sary in the case of one-dimensional freezing, where an exact solution
is available, the development of an exact solution for the freezing of
a sphere or cylinder is of very doubtful feasibility.
Equations (31) through (36) correspond to the one-dimensional
Equations (11) through (15A).
Equation (31): Heat flow rate at a location, "r", is the sum of a
latent heat and a specific heat term.
Equation (32): Fourier conduction equation for the gradient at "r".
Equation (33): Substitute (31) into (32).
Equations (34,35): Integration of the temperature gradient to get the
temperature drop between "r" and the chilled surface of the casting.
Equation (36): Rewrite (35) at r = r* to obtain the total temperature
drop between the liquid-solid interface and the chilled surface.
Equation (35) is put through the same iterative operations as was
Equation (15). The resulting second approximation is given by (43).
Equation (43) bears some resemblance to (23), and so the iteration was
carried one step further in the hope of developing a power series which
would approach a recognizable analytical result. The third approxima-
tion is given by Equation (50). The indication is that even if the
41.
exact solution were known, it would not be a convenient relationship
like (7). The term within the braces in Equation (50) approaches 1/15
when r' approaches R, or in other words when freezing is essentially
one-dimensional.
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C. Sojidifition From a Cylindrical Chilled Surface.
The problem of the solidification of a cylinder is handled exactly
the same as that for a sphere. Equations (51) through (56) are com-
pletely analogous to Equations (31) through (36). Using Equation (55),
in this case only the second approximation is obtained; for this rea-
son, in Equation (59), the second integration is carried out over the
entire range from r' to R, and substitutions made directly into Equa-
tion (56). The resulting second approximation is given by Equation (62).
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D. Numerical Values: Freezingi Rates and Times of Spheres and
Cylinders.
The second approximations obtained in the foregoing analyses were
quadratic expressions of the linear freezing rates. Equations (43) and
(62) may be solved for the freezing rate, and integrated either graphi-
cally or analytically to obtain freezing times.
Equation (63): Definition of vl.
Equation (64): Inverse freezing rate of sphere from Equation (43).
Equation (65): Inverse freezing rate of cylinder from Equation (62).
Equation (66): Definition of "G", which appears in (65).
Equation (64) has been used to prepare Figures 3 and 4. Inverse
rate is shown as a function of v' for various values of Cp(Tm - Ts)/H.
The area under the curves is proportional to time, and graphical inte-
gration of the curves over the entire range gives times for complete
solidification. Solidification time of spheres as a function of
Cp(Tm - Ts)/H is given in Figure 5.
Similarly, Equation (65) has been used to prepare Figures 6 and 7,
inverse rates for the freezing of cylinders. Planimetric integration
of Figures 6 and 7 leads to Figure 8, which shows the time for complete
solidification of cylinders as a function of Ct(Tm - Ts)/H.
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It has proved possible, in the case of the sphere, to integrate
the inverse rate expression analytically. The result (for complete
solidification) is represented by Equation (67).
In assessing the inverse rate curves, Figures 3, 4, 6, and 7,
several points are of interest. The linear freezing rate for both
spheres and cylinders, and presumably other finite shapes, goes through
a minimum during solidification. High freezing rates occur near the
beginning and end of solidification. Furthermore, the increase in
freezing rate near the end of solidification is much less pronounced
for cylinders than for spheres; this increase is also less pronounced
for high values of Cp(Tm - Ts)/H.
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E. Total Heat Removed During he Solidification f Chilled Castinags.
When heat flow into a chill mold is to be considered, as well as
heat flow through the casting (next section), it becomes necessary to
know the total heat (latent heat plus specific heat) which leaves the
casting. This problem may be handled in the framework of equations
which have already been developed in studying freezing rates.
Consider first the case of the sphere.
Equation (70): Rewrite (31) for r = R. This is the rate at which heat
is flowing across the chilled surface of the casting, or the total
rate of heat flow from the casting.
Equation (71): Subtract the latent heat contribution from (70). This
is the rate at which the solid part of the casting is losing heat.
Equation (41): Repeat the first approximation of the cooling rate at
Equation (72): Perform the integration indicated in (71) upon the
factor containing "r".
Equation (75): Substitute (41), (72), (73), (74) into (71).
Equation (76): Substitute (64) into (75). This is the amount of speci-
fic heat which leaves the casting per linear increment of solid
metal.
The above procedure is repeated in Equations (77) through (81) for
a cylinder. However, in Equation (81) it is not convenient to substitute
(7-3 5)(l*)
6
4
I8M8-)
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the analytical expression for the freezing rate as was done in (76).
Instead, for numerical work the appropriate values for the freezing
rates may be read from Figures 6 and 7.
Equation (76) is represented graphically in Figures 9 and 10. The
total area under any one curve corresponds to the heat removed in cool-
ing the solid portion of the sphere during complete solidification.
Planimetric integration of Figures 9 and 10 leads to Figure 11: the
ratio of specific heat to latent heat removed during complete solidifi-
cation of a sphere is plotted as a function of CI(Tm - Tr)/H.
Equation (81) was used in conjunction with Figures 6 and 7 to pre-
pare Figures 12 and 13, for the cooling of cylinders during solidifica-
tion. Figures 12 and 13 were integrated graphically to get Figure 14,
which, as in Figure 11 above, gives the ratio of specific to latent heat
removed during complete solidification of a cylinder.
In the case of the sphere, Equation (76) has been integrated
analytically to give Equation (82), the equation of the curve in Fig-
ure 11.
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As before, to assess the validity of the total heat approximation,
the exact and approximate results for the one-dimensional case are com-
pared graphically. Consider the exact development below for unidirec-
tional freezing.
Equation (2): Repeated, the temperature distribution in the solid
portion of the casting.
Equation (85): The Fourier equation.
Equation (86): Combine (2) and (85).
Equation (87): Integrate (86).
Equation (88): Subtract the latent heat contribution. This is the in-
tegrated heat which has been removed from the solid metal.
Equation (89): Substitute (5), (6), and (7) into (88), and divide by Qc.
Equation (90): Expand (89) in power series.
Using procedures already illustrated for the sphere and the cylinder,
corresponding approximate solutions for the one-dimensional case are
given by Equations (91), (92), and (93). The result in (93) is the same
as the first term of the power series, Equation (90).
The results of this section on total heats are summarized in Fig-
ure 15, in which solidification time is related to the ratio of specific
to latent heat. Four curves are shown, an approximate curve for the
slab, sphere, and cylinder, and the exact curve for the slab. The degtee
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of approximation is not as accurate as in the case of freezing rates,
but for moderate levels of Cp(Tm - Ts)/H errors in total heats estimated
by means of this chart will not be large.
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TABLE II.
Definition of Terms Not Included in Table I.
]l }= Thermal conductivity of solid cast metal.
= Density of solid cast metal.
C' = Specific heat of solid cast metal.
p
0<1 = Thermal diffusivity of solid cast metal.
= Latent heat which leaves casting in time, "".
Qc = Specific heat (total heat minus latent heat) which leaves cast-
ing in time, "0".
QH = Total heat of fusion of casting.
Qc = Total specific heat which leaves casting during complete soli-
dification.
T'= Integration constant in Equation (2).
A T = (Tm - Ts), used in Figures 3 - 15.
T = Defined by Equation (24).
r = Radius of liquid-solid interface in a freezing spherical or
cylindrical casting.
V = Defined by Equations (44) and (45).
v' = r'/R
G = Defined by Equation (66).
B = Defined by Equation (68).
Subscript numerals indicate the order of approximation:
60.
= First approximation of temperature distribution in solid metal
layer.
Ti = Second approximation, etc.
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V. ANALYSIS OF HEAT FLOW FROM CHILLED CASTINGS:
METALS CAST INTO METAL MDLDS
(Pure metals and alloys which freeze completely
within a narrow temperature range.)
A. Plane Mold Wall.
1. Perfect Thermal (Wetted) Contact Between the Metal and the Mold,
The solution given here is essentially that of Lightfoot3 and
Schwarz,4 and is based on the method of Neumann.1  As in the previous
section, superheat is not yet considered. The new features of this prob-
lem are that the properties of the mold and the metal play a part, and
the concept of a mold-metal interface temperature is introduced. Con-
sider that the mold is zone "a" and the solid part of the metal is zone
"b". The mold is initially at room temperature, and the liquid metal at
its melting point. At zero time, the metal and the mold are brought into
intimate contact, and solidification begins. "x" is considered to be
positive in the metal, zero at the mold-metal interface, and negative in
the mold.
Equations (1,2): The partial differential equation for linear heat flow
must be satisfied in zones "a" and "b".
Equations (3,4): Particular solutions of (1) and (2). Tb' is an
arbitrary constant and Ts, the mold-metal interface temperature, is
unknown. (3) and (4) are based upon the assumption that Ts is con-
stant. (3) and (4) conform with the boundary conditions stated
above, and it must now be determined whether they are compatible
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with the remaining boundary conditions.
Equation (5): At the mold-metal interface, the heat flux must be con-
tinuous.
Equations (6,7): At the liquid-solid interface, the temperature must
equal the melting point, and the gradient must be proportional to
the rate of solidification.
Equation (8): When condition (6) is inserted into (4), the left-hand
side is constant. Therefore, the argument on the right-hand side
must be constant, and is defined as "0 ".o
Equations (9,10,11): Insert (3) and (4) into boundary conditions (5),
(6), and (7).
Since a real value for " satisfies Equation (10), and all other
requirements are met, (3) and (4) are the desired solutions. "0 " is
determined from Equation (10), Ts from Equation (9), and Tb' from Equa-
tion (11). The constant, Tb', has the following physical meaning: The
cast metal behaves like a mass having the same thermal properties, but
exhibiting no latent heat, which is initially at Tb'* Tb' is higher
than Tm- This is basically the reason such a simple solution is possi-
ble.
2. The Effect ofL Thermal Contact Resistance Between the Metal and
the Mold.
In order to handle this problem, it has been found necessary
to extend the concept of the mold-metal interface temperature, introduced
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in the preceding paragraphs. The following statements are intended to
clarify how and why this extension is made.
Consider two solids, A and B, initially at different, uniform
temperatures, which are suddenly brought into intimate contact (no con-
tact resistance). The initial temperature of A is Tr, and the initial
temperature of B is Tb'. A has properties: k, e , and Cp; B has
properties: k', f , and Cp'. It can be shown that the interface will
immediately assume a temperature, Ts, constant, which will conform to
Equation (12 )*ld With the aid of this interface temperature, the prob-
lem can be separated into two individual problems -- the heating or
cooling of a semi-infinite solid.
Now consider the same two solids, A and B, initially at the
same two temperatures, respectively, which are suddenly brought into
poor contact (i.e. there is a film-type thermal contact resistance be-
tween the two solids). Mathematically, this contact resistance may be
thought of as a "Newton's Law" type of boundary condition wherein the
heat flux across the interface is proportional to the temperature drop
across the interface. Carslaw gives the complete, rather cumbersome
solution for this problem. In this case there is no constant, physical
interface temperature; there are two surface temperatures, neither of
which are constant. However, the solution given by Carslaw may be con-
siderably simplified, algebraically, by using the following procedure:
Consider an imaginary reference plane, between the abutting surfaces,
which is at Ts, where Ts is constant, and determined as before using
Equation (12). If the contact resistance is then apportioned on either
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side of the imaginary plane in accordance with Equations (13) and (14),
this problem may also be split rigorously into two halves. Each half
consists of the heating or cooling of a semi-infinite solid with a
"Newton's Law" type of boundary condition. In Equations (13) and (14),
h is the total coefficient of heat transfer across the interface, h is
the coefficient on the "A" side of the plane, and h' is the coefficient
on the "B" side of the plane.
Thus the interface temperature which prevails in the absence of
contact resistance, still has physical meaning when contact resistance
is in effect. The interface temperature is independent of the magnitude
of the contact resistance, and is dependent only upon the thermal proper-
ties of the two solids.
With the foregoing justification, casting problems will be
handled as follows: (a) The problem will first be solved as if there
were no contact resistance. (b) Using the interface temperature obtained
in (a), and applying Equations (13) and (14), the casting-half of the
problem will be isolated and studied separately, using the results of the
analysis given below.
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The problem to be solved is that of a semi-infinite mass of
liquid metal, initially at its melting point, which at zero time, be-
gins to lose heat from a plane boundary exposed to a medium at tempera-
ture, Ts, constant. The discontinuous temperature drop across the cool-
ing surface is proportional to the heat flux at the surface (Newton's
Law of Cooling). The coefficient of heat transfer at the surface is
symbolized by h'. The surface temperature of the casting, Tsc, is not
constant.
It has not been found possible to obtain the exact analytical
solution for this one-dimensional problem, but the iterative procedure
used in the previous section may be applied to this case as well.
Equations (15,16): Surface heat flux and temperature distribution in
the solid metal. The same expressions were obtained for constant
casting surface temperature.
Equation (17): Newton's Law of Cooling.
Equation (18): Combine (15), (16), and (17).
Equation (19): Rewrite (18) at x = x'.
As before, the first term in Equation (18) is used as the first
approximation for the temperature, the indicated operations are per-
formed, and the second approximation, Equation (25), is the result.
Equation (26): Solve (25) for the linear freezing rate.
Equation (27): Definition of Z.
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Equation (30): Approximate expression for the inverse freezing rate.
Comparison of the approximate freezing rate, Equation (30),
with Equation (26) is provided by Figure 16. Since the curve must be
integrated to yield thickness, x9, as a function of time, Q, it may be
seen in Figure 16 that the area under the straight line is an excellent
approximation of this integral, except at very early times.
Equation (31): Integrate (30).
Equation (32): Rewrite (31), using "a" and "b" for the constant co-
efficients.
Equation (33): Solve (32) for x'.
Equations (34,35): Another approximation valid for large values of
time, or large values of h'.
Equation (35) is useful in understanding problems where contact
resistance is not of controlling importance; for large contact resist-
ances, Equation (31) must be used, and for very large contact resistance,
an approximate treatment is possible which neglects temperature drop in
the casting.
Equation (35) becomes applicable for large castings of a poor
conducting metal. The most important and most thoroughly studied prob-
lem of this sort is the solidification of steel ingots. Using the
assumed values shown in Table III, Equation (35) has been rewritten for
the case of steel solidifying in a steel (or cast iron) mold. The
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units are feet and hours. The slope is somewhat higher (1.1 i/mino)
than that reported by most investigators.9'10'1 1
TABLE III.
Thermal Properties of Steel
(B.T.U. - Ft. - Hr. - OF. - Lb.)
Quantity Value Reference
C, 0.171 Kelley
21
H 119 Kelley21
k 18 McAdams20
e 468
Tm 2700
Tr 70
The disparity may be due to an error in the assumed properties, or to
the assumption that the mold is initially at room temperature. When
the findings of Chipman and FonDersmith, 10 Spretnak,11 and Pellinil8
are plotted showing thickness as a function of the square root of time,
the best straight line through the points may be extrapolated to zero
time. The intercept on the x' axis gives an estimate of the total co-
efficient of heat transfer, h, at the mold-metal interface. The values
so obtained range from 200 to 800 B.T.U. per Ft.2Hr.*F. If the sole
mechanism of heat transfer across the mold-metal interface were radia-
tion, the value would be approximately 100; this would be the case only
if a very wide air-gap were to form. It is of importance that a varia-
tion in h over the entire range indicated above would result in a very
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minor shift in the solidification curve.
Two important conclusions may be drawn in connection with steel
ingots: (1) The experimental observations of several investigators
agree in form and magnitude with the theoretical relationship expressed
by Equation (35). (2) The sudden formation of an air-gap during solidi-
fication would not markedly change the rate of solidification, although
temperature distributions would be noticeably affected.
B. Spherical and Cylindrical Mold Walls; Nonwetting Contact.
To complete the picture of heat flow in solidification, it is nec-
essary to consider the solidification of finite shapes cast into metal
molds. This class of problems presents the greatest difficulties of
all, but is of paramount practical importance.
1. Heat Flow Into Metal Molds.
Before proceeding with the solidification of finite shapes,
there remains a heat flow problem not yet outlined: the transfer of
heat through a contact resistance into a thick-walled spherical or
cylindrical metal mold. The solution to this problem, in conjunction
with the results of the previous section, can then be used to arrive at
approximate solutions to practical solidification problems. At this
point, consider an infinite region bounded internally by a sphere
(thick-walled spherical mold), the region being initially at Tr. At
zero time, the temperature of the medium within the cavity is raised to
Tsc, and held constant. Newton's Law governs the flow of heat from the
medium to the mold, and the coefficient of heat transfer is h.
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Equations (37,38): Definition of D and D*.
Equation (39): The solution to the problem outlined in the above para-
graph, from Carslaw. 1 f
Equation (40): Integrated Fourier Conduction Equation at the mold-metal
interface.
Equation (41): Differentiate (39) with respect to "r".
Equation (42): Integrate (41) as indicated in (40).
Equation (42) is the desired solution, giving the total heat
which has entered the mold in time, 9. The solution to the correspond-
ing problem for a cylindrical mold cavity is far too cumbersome to be
practical. To handle this situation, the same artifice is used as in
the case of sand castings: A square inch of a cylindrical mold surface
is considered approximately equivalent to that of a spherical mold sur-
face, if the sphere has twice the radius of the cylinder. In the
following equations, "n" is approximately 0.5.
7
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Equation (43): Rewrite (37) for a cylinder.
Equation (44): Rewrite (42) for a cylinder.
Justification for making the above approximation comes from
two sources: (1) The freezing times of castings in metal molds are
short enough to fall in the left-hand region of Figure 1, indicating
that the "heated zone" is about as shallow as for sand castings. (2) If
(39) is rewritten at r = R, an expression for the mold-surface tempera-
ture as a function of time is obtained for a sphere. Substituting (38)
gives the approximate surface temperature for a cylinder. CarslawlC has
plotted the exact surface temperature, and the approximate expression
checks perfectly within the accuracy of the plot, for the times en-
countered in the freezing of castings.
It is convenient and informative to derive a relatively simple
relation which closely approximates Equation (44). Assume that the mold
surface has, during the time, "G", an average effective value, "Tsm",
constant and unknown. Then the heat which has entered the mold during
this time is given by Equation (45), which was derived in Section III.
The same amount of heat has crossed the mold-metal interface during the
same length of time, giving Equation (46). The unknown "average" mold
surface temperature may be eliminated between Equations (45) and (46),
yielding Equation (47). Equation (47) is much more useful than (44),
because the coefficient of heat transfer may be solved for algebraically.
Equation (44) is transcendental in h. Numerical problems may be solved
using the simpler relation, and the results checked by Equation (44).
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In all cases considered, (47) and (44) have been found to be in very
close numerical agreement.
The concept of an average effective temperature has been
carried one step further, and the casting surface temperature is con-
sidered to be constant and unknown during time, "9". This step makes
it possible to combine the results of Section IV with those above to
obtain freezing curves of thickness versus time. The procedure for
doing this is outlined below, and exemplified for the case of lead
freezing in a cylindrical cast iron mold. To facilitate numerical
work, Figures 6 and 7, the cylindrical inverse rate curves, have been
planimetrically integrated for fractional amounts of solidification,
and the results are given in Figures 17 and 18. It was not necessary
to treat the total-heat curves, Figures 12 and 13, the same way, for in-
spection of Figure 15 leads to Equation (48). Equation (48) estimates
the ratio of specific to latent heat which has left a partially solidi-
fied cylinder.
2. Solidification of Lead in a Cast Iron Cylinder; Conductivities
of Metal and of Mold Approximately Egual.
The procedure for developing a freezing curve for lead in a
cast iron cylinder in stepwise fashion is as follows:
a. Plot Equation (47) for the given combination of metal,
mold, and contact resistance. This has been done in Figure 19.
b. Select a value for v', the radius of the liquid-solid
interface. The problem is to solve for the time.
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c. Guess at Tsc*
d. Use Figure 17 or 18 with (c) to get a value for time.
e. Use Equation (48) to get a ratio of specific to latent
heat.
f. Use the above trial information to determine a point on the
coordinates of Figure 19.
g. Repeat (c) through (f) several times. Connect the points
so obtained with a curve. Where the curve intersects Equation (47)
represents the solution. These intersections are shown in Figure 19.
h. Repeat (b) through (g) for other values of v', and so ob-
tain the desired freezing curve. The time for each value of v' is the
solution of an independent problem.
The procedure described above amounts to the solution of three
equations in three unknowns. The unknowns are (1) the time required for
a given portion of the cylinder to freeze, (2) the total amount of heat
removed during this time, and (3) the average effective casting surface
temperature during this period of time. The casting surface temperature
is a reference point in the relaxation system: it is the temperature
which will cause a given amount of metal to freeze in the length of time
required to deliver the correct amount of heat into the mold.
A calculated freezing curve for lead in cast iron is shown in
Figure 20. The values for the thermal properties which were used are
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listed in Table IV. The points on Figure 20 represent experimental data
obtained from pour-out tests. The value of the heat transfer coeffi-
cient was chosen to give the best fit between theory and experiment;
thus the experimental data represent a measurement of the heat transfer
coefficient between lead and cast iron.
TABLE IV.
Thermal Properties of Cast Metals Used in Calculations
(B.T.U. - Ft. - Hr. - OF - Lb.)
Quantity Value Reference
Pb U .Al
k* 18 200 155 20
707 556 169 22
C* 0.0329 0.113 0.187 21p
H 10.6 88.4 171 21
Tm 621 1983 1217 21
TABLE IV-A.
Thermal Properties of a Cast Iron Mold
Quantity Value Reference
k 28 20
e 450 22
Cp 0.130 21
The pour-out tests were conducted in an open-ended cast iron
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cylinder, having a 2.25 inch inside diameter and 4.25 inch outside
diameter. That this wall thickness is large enough to be considered
infinite may be verified by comparison with the work of Pellini. 18
In all tests, the metal was poured with zero superheat; the metal was
poured from the melting crucible into a cold container, and after par-
tial solidification, the remaining metal was poured into the test mold.
High purity metals were used to obtain the smoothest possible liquid-
solid interfaces. The open, bottom end of the mold rested upon a
gypsum insulator during solidification, and after a specified time in-
terval, the liquid was released by simply lifting the mold. Since the
liquid-solid interface was not always a perfect cylinder, its radius
was measured by measuring the area of the cross-section of the hole left
in the casting.
In the calculation of the curve in Figure 20, a constant value
of the heat transfer coefficient was used. Actually, the coefficient
decreases (the contact resistance increases) as solidification pro-
gresses, since the mold tends to expand upon heating, and the solid
portion of the casting tends to contract. The experimental points
shown on Figure 20 indicate that the early stages of solidification were
slightly more rapid than the calculated curve.
3. Solidification of Copper and Aluminum in a Cast Iron Mold;
Conductivity of Metal Much Greater Than Conductivity of Mold.
Under this heading falls a very important variety of solidifi-
cation problems, as yet very little studied. The following treatment
applies to many small non-ferrous chill castings: permanent mold and
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die castings and small ingots of aluminum, copper, and magnesium-base
alloys.
A somewhat simpler procedure than that used for studying lead
castings is applicable to this case. Assume, tentatively, that the
gradients in the casting are small, and that most of the temperature
drop takes place across the interface and in the mold. If this be
true, little error will be introduced by assuming that the surface
temperature of the casting is constant, and Equation (47) may be used
directly to obtain freezing curves. The result may be checked with
the aid of Figures 17 and 18.
Before using Equation (47), a suitable value for the casting
surface temperature must be found. As a first approximation, the
surface temperature of the casting is taken as the melting point.
Equation (47) is then used to estimate the time for complete solidifi-
cation, and a second approximation for the surface temperature is read
from Figure 8. In many instances, the second approximation for the
surface temperature will be only slightly below the melting point.
Equation (47) may then be used with accuracy to determine the entire
freezing curve of thickness as a function of time. This procedure
has been applied to the solidification of copper and aluminum in a
cast iron mold.
Pour-out tests have been used to study the solidification of
copper in a cast iron mold, the procedure being identical with that
described above for lead. The data are compared in Figure 21 with a
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curve computed from Equation (47). The agreement between the curve and
the experimental points is poorer than for the case of lead; the change
in contact resistance during solidification appears to be greater with
copper. Copper, with its high melting point, would be expected to cause
a greater thermal expansion of the mold than lead. The value of the
heat transfer coefficient which best fits the data, and for which the
curve was drawn, was 350 B.T.U./(Ft.)2 (F.)(Hr.). This value is higher
than that for lead, because of the higher rate of radiation heat trans-
fer across the gap between the metal and the mold. In making the calcu-
lation, the average temperature drop in the casting was found to be only
1000F.
In addition to copper, aluminum has been studied theoretically
and experimentally by means of the techniques described above. The
simple solution, using Equation (47) directly, may be justified for this
case as well. The experimental points and computed curve for aluminum
are presented in Figure 22. The value of the heat transfer coefficient,
used to obtain the curve which best fits the data, is 930 B.T.U./(Ft.)2
(Hr.)(OF.). This value is much higher than that for either lead or
copper, and the agreement between theory and experiment is quite good.
Both of these observations suggest that the contact resistance does not
markedly increase during solidification. Aluminum heats the mold less
than copper and is a much better conductor than lead; as a result,
neither expansion of the mold nor contraction of the casting is pro-
nounced, and good physical contact is maintained for a longer time.
An important observation, which stems from the computations
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made for copper and aluminum, is that the magnitude of the contact re-
sistance is of controlling importance in determining the rate of soli-
dification of small non-ferrous chill castings.
In Figure 23, the results of Alexander12 for aluminum in a
small cast iron mold are presented. The form and magnitude of the
freezing curves agree well with the smaller casting studied in the sub-
ject investigation. In addition, the effect of very large amounts of
superheat is seen to be quite minor. Alexander's curves may be used to
verify a means for estimating the influence of superheat upon the time
required for complete solidification: The superheat is added calorifi-
cally to the latent heat, and the calculation carried out as above.
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TABLE V.
Definition of Terms Not Included in Tables I and II.
h = Heat transfer coefficient across mold-metal interface,
B.T.U./(Ft.)2(Hr.)(OF).
h' = Heat transfer coefficient between imaginary interface "plane" and
casting surface.
h = Heat transfer coefficient between imaginary interface "plane" and
mold surface.
D' = h/k
D = D' + 1/R
Ta = Temperature in (metal) mold.
Tb = Temperature in solid layer of metal during solidification.
Tt = Integration constant in Equation (2).
Tsc = Temperature of casting surface.
Tsm = Temperature of mold surface.
z = h'x'/k' + 1
E = Constant defined by Equation (29).
a,b = Constants in Equation (32).
-
101.
ONE - /MeA/S/O A4 Z
RE J/ S74A/Ce
0 \ a
/'x
/6
~j7~ W/r# COMAC7
opn 
-
ZM"es
PAPZ VALL Y
C Y/ IN5/?s
E, ?OzeA/
0.2 0.4 0.6 O.8
C~z1r
H
I 102.
-C-OR
40
10
v' I= 0.8
1.0
/7
Ff 0
kI,
/G^ E 56Oz
cyz /MDER6
Kr
0.4 0.6
C8 Z?~
H fG;6elRe /8
103.
M1 7 e. A0/?
v'= 0.4
vi= 0.2
0.1
0
v
v'=
/
A
0.2 0.8
0--
104.
ECA 7ioA (4 7) : LE AD /N (A 7 /RON
~
$1
0 0.1 0.2 0.3 0.4 0.5 0.6
G1C lR E
LA~AD ,96Fz//t'~ IN' CA -S 7
CYL- /A'O'ER
7
',1cAme$ $ V- 7 M
0 3 4 k 5. 6
-V(s-coM S)Z
20
~4J
105.
Fl,6vRE-
CoPPen
10)
IN Cq sr
VS. ME
I 2 34 5
VW(SdECOND S)k
V/F/G .M E 2/
106.
C YL//jES
7,#e'/4FJf
1.2
1.0
0.6
0.4
0.2
107.
AL /f//v/M
hN/CAWeSf
/A~G 1Y (A-S /7-R
vs. -V -m
Elvo of
x
x
I i I
FREEZE
%IJ
1.2
1.0
0.8
0.6
0.4
0.2
-/ .~ (SEC-NDS
,t-t,66/R E 022
108.
2.4' X 2.4" MOLD
1.0
POURING TEMPERATURE
w
X A700'C.
z 0 $600C
Z X 900* C
z t IOOOOc
w
N
0
cc
.5
x
I 2 3 4 5 6
SQUARE ROOT OF TIME IN SECONDS
Fig. 23-Solidification curves for duralumin obtained
at various pouring temperatures (2.4 in. x 2.4 in. mold).
--- 90000000mr- -- -
109.
VI. HEAT FLOW DURING SOLIDIFICATION OF CAST ALLOYS
WHICH FREEZE OVER WIDE TEMPERATURE RANGES
The purpose of this section is to provide a basis for applying the
analytical results of preceding sections to the solidification of
alloys.
A. Chilled Casting: Aluminum_.4 Per Cent Copper Cast Against a Flat
Copper Mold Wall.
In the solidification of an alloy of this type, latent heat of
fusion is not evolved isothermally, but only upon cooling (except at in-
variant reaction temperatures, such as a eutectic). It is therefore
possible to treat the latent heat of fusion, mathematically, as an in-
crease in the apparent specific heat of the metal between the liquidus
and solidus. When this is correctly done, the method of Neumann may be
applied to the one-dimensional freezing of alloys.
A typical non-ferrous alloy cast against a copper mold has been
chosen to exemplify the mathematics of alloy solidification. Before
proceeding with the analysis, key physical constants must be known for
the alloy, and an assumption made as to the mechanism of solidification.
The physical constants which have been used are listed in Table VI, and
these stem, in part, from the assumed mechanism of non-equilibrium soli-
dification. Three premises are made in developing the required mechan-
ism: (1) There is no diffusion of copper in the solid state. (2) There
is no diffusion of copper in the liquid in a direction normal to the
mold wall (no positive macrosegregation). (3) There is complete
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TABLE VI.
Physical Values for Aluminum-4 Per Cent Copper Alloy
Terminal Solid Solubility
Eutectic Composition
Eutectic Temperature
Liquidus Temperature
Boundary Temperature Between
Zones III and IV
Zone IV, e4Cp4
Zone III, ?3Cp3
Zone II, e2Cp2
5.65% Cu
33.0% Cu
10180F
11930F
11740F
971 B.T.U./(Ft.)3(OF)
100.6 B.T.U./(Ft. )3(OF)
44.3 B.T.U./(Ft. )3(OF)
diffusion of copper in the liquid in a direction parallel to the mold
wall. On these bases, the fraction of metal solidified may be expressed
as a function of the temperature for points between the liquidus and the
non-equilibrium solidus. The method for making the calculation has been
outlined by several investigators, including Scheil.23
The proposed mechanism was felt to be the most realistic, and was
chosen for this reason. However, the accuracy of the observations and
conclusions which follow does not depend upon the assumed mode of freez-
ing. The important objective is to set up a reasonable, coherent thermal
picture for the solidification of an alloy, and examine its behavior
under conditions of one-dimensional freezing. It will be seen that the
purely thermal situation does not depend heavily upon the mechanism of
solidification, although the metallurgical interpretation of thermal
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information is vitally affected.
The results of the calculation for non-equilibrium solidification
are summarized by Figure 24, which shows heat content as a function of
the temperature. The heat content is taken as zero for solid metal at
the solidus temperature, and, of course, both latent heat and specific
heat contributions are included in the computation. The dotted curve
represents the exact function; the straight lines approximate the curve
for purposes of analysis. 9.2 per cent of the alloy freezes isothermally
at the eutectic temperature. The slopes of the straight linescorrespond
to the apparent specific heats which the metal has in these temperature
ranges, and are reported in Table VI. The temperature at which the
straight lines intersect is 11740F.
When the metal is poured against the copper mold, it is assumed that
perfect wetted contact occurs, and solidification progresses. That por-
tion of the metal between 11740F and the liquidus is referred to as
Zone IV; the portion between the eutectic and 11740F is Zone III; the
completely solid layer of cast metal is Zone II; the copper mold is
Zone I. The metal is poured at the liquidus temperature. All symbols
not previously introduced are defined in Table VII.
Equation (1): The partial differential equation for linear heat flow
must be satisfied in all four zones.
Equations (2) through (5): Particular solutions of the differential
equation. Ts is unknown, and Tj, Tj, T", and T" are arbitrary
constants, also unknown.
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As before, the procedure is to try to fit the above equations to
the required boundary conditions, and solve for the unknown constants.
If this can be accomplished, Equations (2) through (5) are the solu-
tions. The temperature of the mold-metal interface is tentatively
assumed to be constant; if (2) through (5) are solutions, Ts is con-
stant.
Equation (6): The rate of heat flow is continuous at the mold-metal
interface.
Equations (7,8,9): At the locus of the eutectic temperature, tempera-
ture in Zones II and III is fixed. The rate at which the eutectic
reaction progresses into the casting is proportional to the
difference in temperature gradient between Zones II and III.
"H" in Equation (9) equals 9.2 per cent of the heat of fusion of
aluminum.
Equations (10,11,12): The temperature at the boundary between Zones III
and IV is fixed, and the temperature gradient at this boundary is
continuous since there is no heat produced, but merely a change in
specific heat.
Equation (13): Parabolic rate constants for the eutectic and the
boundary between Zones III and IV. That these are constant is
demonstrated by inserting conditions (7) and (10) into Equations
(3) and (4).
When Equations (2), (3), (4), (5), and (13) are introduced into
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boundary conditions (6) through (11), a transcendental system of seven
equations in seven unknowns is obtained, Equations (14) through (20).
When this system of equations is solved numerically, all of the unknown
constants are determined. The equations are written in such an order
that they may be easily solved by trial and error, using the following
system:
(a) Guess at 3*
(b) Solve (20) for T".
(c) Solve (19) for TO - T".
(d) Similarly solve (18), (17), (16), (15).
(e) Plot the difference between the right- and left-hand sides of
(14) versus the trial value of 0 3*
(f) Repeat (a) through (f) for several trial values. Draw a curve
through the points; where this curve crosses the zero axis is the
solution.
The results of the above calculation for aluminum-4 per cent copper
cast against a copper mold (perfect contact) is shown in Figure 25.
Superposed on this figure is the corresponding temperature distribution
for pure aluminum. Several features are noteworthy: (1) Because of
the assumption of perfect contact, this abstract problem involves a more
drastic chill than is ever realized in practice, except conceivably in
continuous casting. Even with such steep gradients, the liquid-solid
zone is as wide as the all-solid zone. (2) The discontinuity of the
slope at the eutectic temperature is very slight. (3) In form, the
curve for pure aluminum is closely similar to that for the alloy. This
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observation is the most significant from a purely thermal standpoint.
Solutions of more complex problems, such as were considered in previous
sections, can be obtained for pure aluminum, and the results inter-
preted in terms of alloy solidification. Agreement between the two
curves in Figure 25 becomes even closer, if the melting point of the
pure aluminum is artificially lowered to the point where the alloy is
half solid. The conclusion is that temperature gradients are much more
dependent upon the total heat of fusion of an alloy than upon the mech-
anism of solidification.
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B. Sand Casting
When an alloy which freezes over a wide temperature range is poured
into a sand mold, solidification takes place almost uniformly throughout
the entire casting, since temperature gradients are very small. The
casting freezes by cooling, and the heat flow problem is different than
for a pure metal, since there is no "melting point". Again consider
that the latent heat of fusion may be thought of as an increase in the
apparent specific heat of the metal. The problem then approaches that
of a fluid having high conductivity, and high specific heat which is
cooling in contact with a sand mold. Consider that such a fluid is
poured into a slab-type mold at zero time.
Equations (21,22): The temperature of the liquid as a function of time,
Carslaw. '
Equations (23,24,25): Adapt the above solution to give the time 9f
required for an alloy, poured at the liquidus, to cool from the
liquidus to the solidus, assuming that the latent heat is evolved
as a linear function of temperature.
It is convenient to use the above result to determine an effective
melting point for the alloy, which will give the correct solidification
time.
Equation (26): Repeat the expression presented earlier giving the time
required to freeze a pure-metal sand casting in terms of its melt-
ing point. The total heat removed is equated to that which leaves
the alloy in cooling from the liquidus to the solidus.
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Equation (27): Combine Equations (26) and (24).
Equation (28): Combine Equations (27) and (23).
Equation (29): If the solidification range is less than one-fourth the
difference between the liquidus and room temperature, the right-
hand side of Equation (28) is nearly constant. This is verified
by the following brief table of values:
TP - Te Tm -T
T, - Tr T, - Te
0 0 0.215
0.1 0.1035 0.200
0.2 0.1910 0.196
0.3 0.2654 0.186
Equation (29) covers all the important alloys insofar as tempera-
ture ranges of solidification are concerned, but might be in error for
castings poured into heated molds, since "room temperature" would then
be raised. Errors introduced by using the melting point given by (29)
will be less than one per cent, within the limitations indicated. The
error from simply using the solidus temperature will be less than ten
per cent.
An important side-development of the above analysis is the justi-
fication of a statement made in the section on sand castings: Superheat
may be added calorifically to the latent heat with very small error.
The cooling of a liquid metal, above its melting point, is the same
problem as outlined above.
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TABLE VII.
Definition of Terms Not Included in Tables I, II, and V.
= Thermal diffusivity in mold.
o<a = Thermal diffusivity in solid cast metal.
o<, = Thermal diffusivity in Zone III.
*e4 = Thermal diffusivity in Zone IV.
C" = Apparent specific heat of metal between liquidus and solidus,
p
defined by Equation (25).
T, = Temperature in the mold.
T2 = Temperature in solid cast metal.
T3  = Temperature in Zone III.
T4 = Temperature in Zone IV.
T1, Tj, T", T" = Integration constants.
T~p = Liquidus temperature.
Te = Eutectic (or solidus) temperature.
T = Constant temperature of boundary between Zones III and IV.
To = Initial temperature of high-conductivity fluid in Equation (21).
xv = Thickness of solid metal.2
x1 = Distance from interface to boundary between Zones III and IV.
3 ,
X 3
W = Defined by Equation (22).
W = Defined by Equation (24).
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VII. 00NCLUSIONS
A. Sand Castings
1. The heat which enters a sand mold may be expressed analytically
as a function of time for plane, spherical, and cylindrical mold cavi-
ties. The development depends upon the metal being a much better con-
ductor than the mold.
2. Chvorinov's Rule (freezing time proportional to the square of
the ratio of volume to surface area) applies with some accuracy to cast-
ings having similar shape. Large errors may occur if the freezing times
of slabs are compared with those of spheres or cylinders, using the
Chvorinov relationship.
3. In calculating freezing times, superheat may be added calori-
fically to the latent heat of fusion, unless the superheat is abnormally
high.
4. A sand cast alloy, which evolves its latent heat uniformly over
the temperature range of freezing, is considered to have an "effective"
melting point, and can so be adapted to the equations developed for pure
metals. The "effective" melting point is one-fifth of the way from the
solidus (or the temperature in question) to the liquidus.
B. Chilled Castings
1. An iterative method can be used to build power series solutions
of simplified chilled casting problems: The freezing rates of plane,
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spherical, and cylindrical castings with constant surface temperature
and no superheat may-be so studied. The method can also be applied when
Newton's Law of Cooling prevails at the casting surface.
2. For metals cast into metal molds, an exact solution is known
for only one situation: a flat, thick mold wall in perfect thermal con-
tact with the metal. In this case, the physical interface temperature
is constant.
3. Extending the concept of the interface temperature makes possi-
ble a judicious study of one-dimensional freezing in the presence of
contact resistance at the mold-metal interface. The iterative method is
used, and the results agree with experiment.
4. An approximate, relaxation procedure, which takes as a refer-
ence the casting surface temperature, yields information on the freezing
of spherical and cylindrical castings, poured into metal molds.
5. Contact resistance is of determinative importance in the soli-
dification of small chilled castings; it has only a minor effect on
large steel ingots. The coefficient of heat transfer across a chill-
metal interface may vary from 100 to 1,000 B.T.U./(Ft.)2(Hr.)(OF), and
depends upon the interface temperature (radiation) and the independent
tendencies of the casting to contract and the mold to expand.
6. Small copper-, magnesium-, and aluminum-base chilled castings,
made in ferrous molds, lend themselves to an accurate, simplified
analysis which hinges upon a relatively constant casting surface
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temperature.
7. Analysis of the one-dimensional freezing of an alloy in perfect
contact with a chill mold, is feasible. The temperature distribution in
an alloy freezing from a chill, is largely a function of its total heat
of fusion and thermal conductivity. The mechanism of solidification has
little net effect upon thermal conditions.
126.
VIII. SUGGESTIONS FOR FURTHER WORK
1. Because of the importance of contact resistance in the solidi-
fication of small chilled castings, the properties of mold dressings
used in permanent mold and die castings should be assessed from this
standpoint. The success of flame-deposited lampblack in prolonging
die-life, for example, is possibly related to its opaqueness and in-
sulating properties.
2. Other problems in potential theory which involve the complica-
tion of change in phase, and which are important metallurgically, might
be treated theoretically by an extension and broadening of the iterative
procedures presented herein. The growth of a second phase, precipitated
from a solid solution, where the rate is controlled by diffusion, is an
example. The adaptation of some of these problems, through an iterative
approach, to machine methods of computation, would be extremely valua-
ble.
3. The measurement of high-temperature thermal properties, under
casting conditions, is sorely needed.
4. The metallurgical characteristics of cast structures, as re-
lated to freezing rate and temperature gradients, should be studied
using experimental techniques which permit sound thermal interpretation.
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